Abstract-We investigated the phase noise performance of a conventional phase-locking technique in the long-term stabilization of a mode-locked fiber laser (MLFL). The investigation revealed that the electronic noise introduced by the electronic phase detector is a key contributor to the phase noise of the stabilization system. To eliminate this electronic noise, we propose an improved phase-locking technique with an optic-microwave phase detector and a pump-tuning-based technique. The mechanism and the theoretical model of the novel phase-locking technique are discussed. Long-term stabilization experiments demonstrated that the improved technique can achieve long-term stabilization of MLFLs with ultra-low phase noise and phase drift. The excellent locking performance of the improved phase-locking technique implies that this technique can be used to stabilize fiber lasers with a highly stable H-maser or an optical clock without stability loss.
I. INTRODUCTION
U LTRAFAST femtosecond lasers [1] have been widely used in many areas in recent years, including in frequency metrology, timing distribution, optical communications and optical/microwave frequency synthesis [2] - [5] . Among these ultrafast lasers, the mode-locked fiber laser (MLFL), which can generate the shortest optical pulses and ultrastable microwaves, has attracted considerable attention [5] , [6] . There is a fundamental demand to achieve both high and stable MLFL repetition frequency for many applications [7] . To achieve a highly stable MLFL, its repetition frequency should be stabilized to a frequency standard [8] , [9] . Several stabilization approaches have been proposed to achieve this, ranging from direct atomic transition locking techniques [10] , [11] , to phaselocking schemes [12] - [20] . In direct atomic transition locking techniques, the repetition frequencies of MLFLs are directly locked to atomic transitions without any external frequency reference, which greatly reduces the physical size of the stabilization and enhances the locking accuracy [11] . In phase-locking schemes, the repetition frequencies of MLFLs are locked to external frequency references, where repetition frequency tuning is commonly achieved by adjusting the laser cavity length via movable mirrors, the fiber stretcher or the pump power [16] - [20] . This phase-locking scheme is now the most popular and practical stabilization approach due to its simplicity, reliability and economy.
A typical phase-locking technique is shown in Fig. 1 . In this phase-locking technique, a standard phase-locked loop (PLL) with an inserted proportional integral derivative (PID) regulator is built between the MLFL and the reference source [19] . With this conventional phase-locking technique, we can obtain the phase-error signal and feed it back to the piezoelectric transducer (PZT) in the cavity of the MLFL to phase-lock the repetition frequency of the laser to the electronic reference source over long durations (several weeks or months).
For the long-term stabilization of MLFLs, phase noise and stability are extremely important parameters. Stabilized fiber lasers with ultra-low phase noise and ultra-high stability will benefit high-precision frequency metrology, optical communications and astronomic combs. Therefore, achieving a reliable phase-locking technique with ultra-low phase noise is a key issue in the design of long-term stabilization systems for fiber lasers. However, current stabilization techniques encounter difficulties because the photodetection and phase detection schemes in conventional phase-locking techniques inevitably suffer from electronic noise [21] , [22] . Therefore, the purpose of this study was to reveal the phase noise limitations of conventional phase-locking techniques, propose a novel improved phaselocking technique with an optic-microwave phase detector (OMPD), analyze the mechanism of this improved PLL, and conduct a long-term stabilization experiment to prove its ultralow phase noise performance in the stabilization of the MLFL.
II. PHASE NOISE PERFORMANCES OF ELECTRONIC PHASE DETECTION AND OPTIC-MICROWAVE PHASE DETECTION
The conventional phase-locking technique using electronic phase detection is the most practical approach to stabilize MLFLs. Its configuration is shown in Fig. 1 . The principle of the stabilization system is that the repetition frequency of the MLFL is phase-locked to a reference source. In this PLL system, a photodetector is used to convert the optical pulses of the MLFL to an electronic harmonic signal. This harmonic signal is first filtered by a band filter and then mixed with a reference source by an electronic phase detector (EPD) to produce a phase-error signal. The error signal is fed back to the PZT incorporated into the laser cavity, maintaining the quadrature between the MLFL and the reference source. This auto-tuning technique realizes a conventional PLL between the MLFL and the reference source. Many studies have shown that this conventional phase-locking technique with the EPD and the PZT-tuning-based scheme is a very effective tool for stabilizing MLFLs. However, it is difficult to meet the requirements of ultra-low phase noise and phase drift in stabilizing the MLFL to a highly stable reference source using a phase-locking technique with a photodetector and an EPD. This is because in the transfer of the timing signal from the optical domain to the electronic domain, excess phase noise is added to the optical-to-electronic conversion process due to nonlinearity, saturation, temperature drift, and amplitude-to-phase conversion in photodiodes when direct photo-detection is used [22] . In addition, the EPD will also introduce excess phase noise due to temperature fluctuation, airflow and electronic noise [23] . This excess noise cannot be eliminated completely in conventional photodetection and phase detection. Here, we introduce a new optic-microwave phase detection scheme with ultra-low phase noise to replace the previous photodetection scheme.
The configuration of the optic-microwave phase detection is shown in Fig. 2(a) . This phase error detector, which was originally proposed by Kim and Kartner [24] , [25] , consists of an optical circulator, a 50:50 fiber coupler, a unidirectional phase modulator, and a nonreciprocal quarter-wave bias unit with two Faraday rotators and a quarter-wave plate. A polarizationmaintaining (PM) fiber is used to link these optical units to implement a Sagnac loop. The optical pulses from the MLFL are applied to the phase modulator driven by the microwave signal. At the output of the Sagnac loop, the output pulses are modulated, with the amplitude proportional to the phase error between the pulse train and the microwave signal. The power difference between the two Sagnac-loop outputs is proportional to the phase error between the optical pulses and the microwave signal. A balanced photodetector is used to detect the power difference and to generate an error voltage signal that can precisely reflect the optic-microwave phase difference. The key issue in implementing the optical phase detector is detecting the phase error between the optical pulses and the microwave signal in the optical domain before photodetection is involved. In this case, excess phase noise from the photodetector and phase detector is avoided. The function of the phase detection for the OMPD in the complex frequency domain is expressed as
where U e (s) is the phase-error signal, Θ e (s) is the phase difference between the two input signals of the phase detector, G is the transimpedance gain of the balanced photodetector, R is the responsivity of the photodiodes, P avg is the average optical power at the two Sagnac-loop output ports, and φ o is the modulation depth of the phase modulator. The more details on the OMPD can be found in reference [24] .
To investigate the phase noise performances of the OMPD and EPD, we conducted two phase noise floor measurement experiments with the two phase detectors. The configurations of the experiments are shown in Fig. 2 . A passively erbium-doped MLFL was used as the experimental laser source, and its configuration was similar to that described in the literature [26] , [27] . The MLFL generates an optical beam with a pulse width of approximately 100 fs at a center wavelength of 1550 nm and at a 144 MHz repetition frequency. Fig. 2(a) shows that the optical pulses and the detected coherent microwave (∼3 GHz) are delivered in an OMPD to generate the error signal for the residual phase noise measurement. Fig. 2(b) shows that the two detected coherent microwaves (∼3 GHz) are delivered in a commercial EPD (Hittite, HMC128) to generate the error sig- nal for the residual phase noise measurement. The principle of the measurements is to compare the phases of the two coherent signals generated from the same MLFL and achieve phase noise floors that are mainly introduced by electronic noise and environmental effects. Fig. 3 shows the measurement results of the phase noise floors for the EPD and the OMPD. Curve (i) shows the phase noise floor for the EPD at a 3-GHz carrier frequency. The phase noise floor is −112 dBc/Hz at a 1 Hz offset and ∼−120 dBc/Hz at a 100 kHz offset, which results in a 40 fs rms timing jitter integrated from 1 Hz to 100 kHz. The phase noise floor for the OMPD at the 3-GHz carrier frequency, illustrated by Curve (ii), is −123 dBc/Hz and −140 dBc/Hz at a 1 Hz and a 100 kHz offset frequency, respectively, which results in a 1.4 fs rms timing jitter integrated from 1 Hz to 100 kHz. The phase noise floors demonstrate that the OMPD has a lower residual phase noise floor compared to the EPD.
In this section, we analyze the phase noise limitations of the EPD in the conventional phase-locking technique and demonstrate an optic-microwave phase detection scheme that can eliminate the excess phase noise introduced by the photodetector and the EPD. Therefore, we can replace the EPD with an OMPD to achieve a long-term stabilization system for the MLFL with ultra-low phase noise and phase drift.
III. IMPROVED PHASE-LOCKING TECHNIQUE USING OMPD AND PUMP-TUNING TECHNIQUE
In the last section, the phase noise performances of the EPD and OMPD were discussed in detail. Our comparison experiments showed that the OMPD provided ultra-low residual phase noise in phase detection. Therefore, the OMPD can be used as a potential phase-locking technique in the stabilization of MLFLs with ultra-low phase noise by replacing the conventional EPD. However, the previous PZT-tuning-based scheme for controlling the repetition frequency of the MLFL (illustrated in Fig. 1 ) in the conventional PLL also limits the phase noise performance in the locking loop. This is because the PZTtuning-based scheme has two major limitations in low phase noise stabilization: the cavity-length-tuning resolution and the large loop gain of the PLL. These limitations have been discussed in the literature [28] . From the discussion, we find that the PZT-tuning-based scheme will limit the tuning precision of the repetition frequency and the locking-frequency of the PLL. Typically, the locking-frequencies of stabilization systems for MLFLs using PZT-tuning-based schemes are limited in the lowfrequency range (≤1 GHz), and the minimum phase-tuning resolution is larger than 40 fs. Therefore, if the EPD is replaced by an OMPD, the phase noise of the PLL will be limited by the PZT-tuning-based scheme. To meet the requirements of ultra-low phase noise in the PLL with the OMPD, the conventional PZT-tuning-based scheme for controlling the repetition frequency should be upgraded. In this section, we first demonstrate a pump-tuning-based scheme for high-accuracy control over the repetition frequency of the MLFL and then propose a novel, improved phase-locking technique using the OMPD with ultra-low phase noise and phase drift.
A. Pump-Tuning-Based Scheme in Controlling the Repetition Frequency of the MLFL
The configuration of the pump-tuning-based scheme [20] , [28] for controlling repetition frequency is shown in Fig. 4(a) . This scheme can be used to tune the repetition frequency of the MLFL with more precision by changing the power of the pump source. The MLFL is pumped by a laser diode driven by a voltage-controlled current source. By controlling the current source, the pump power and the repetition frequency of the MLFL can be modulated. The voltage-controlled current source, the pump laser diode and the MLFL form a new voltagecontrolled oscillator (VCO). Assuming the original cavity length is L o , we have [29] (t) = 2πc
where ω(t) is the ith repetition radian frequency of the MLFL, c is the velocity of light in a vacuum, and n is the average refractive index of the cavity. This equation shows the nonlinear relationship between ω(t) and n. To determine the transfer function of the pump-tuning-based VCO, a new mathematical model for the VCO should be built. In a MLFL, a certain length of gain fiber is added to the cavity as the gain media. The interaction between the atoms of the gain media and the electromagnetic radiation affects the MLFL and changes its properties. Therefore, the refractive index of the fiber in the cavity is related to the power of the pump source. A theoretical analysis of the relationship between the refractive index and the power of the pump source has been discussed in references [28] , [30] , [31] in detail. Here, we rewrite the relationship,
where Δn is the change in the refractive index; ΔI is the change in the pump current source; χ (1) and χ (3) are the first-order and third-order susceptibility, respectively; and ε 0 is the electric permeability of vacuum. Eq. (3) demonstrates the linear pump current versus refractive index relationship. Considering Eq. (2), with a slight change of the refractive index, we obtain
(4) Assuming Δn = k m ΔI, k m is defined as the linear coefficient between the refractive index and the current source. Substituting Δn into Eq. (4), we obtain
Importantly, from Eq. (5), we find that changing the pump's current source affects the repetition frequency and its highfrequency harmonic in a linear manner.
To verify the linear relationship between the current source and the repetition frequency, we conducted a repetition frequency tuning experiment with the pump-tuning-based scheme. The laser source used was an erbium-doped ring-cavity MLFL with a 144.5 MHz repetition frequency (the same as that described in the previous section), whose configuration is shown in Fig. 4(a) . We slightly tuned the control voltage of the pump current (Thorlabs, ITC110) to modulate the repetition frequency of the MLFL. Fig. 4(b) shows that the measured change in the repetition frequency was roughly linearly proportional to the change in the control voltage. This implies that Eq. (5) is correct, and we can use this equation to deduce the VCO model in the pump-tuning-based scheme. The VCO model is given by
where Θ 0 (s) is the phase argument of the MLFL's output signal, U f (s) is the control voltage of the current source, g m is defined as the coefficient between the control voltage of the current source and its output current, and 2πcik m g m /L o n 2 is the gain of the pump-tuning-based VCO. The literature has shown that the gain in the pump-tuning-based VCO is much smaller than that of the PZT-tuning-based VCO [28] . Therefore, the pump-tuning-based scheme for controlling the repetition frequency of the MLFL can overcome the limitation of the PZT-tuning-based scheme described previously. With this pump-tuning-based scheme, we used the OMPD to design a novel phase-locking system for the stabilization of an MLFL with ultra-low phase noise and phase drift.
B. Improved Phase-Locking Technique With OMPD
With the pump-tuning-based scheme accurately tuning the repetition frequency of the MLFL, we can use the OMPD to lock the optical pulses generated from the MLFL to the zerocrossings of the microwave reference source with ultra-low phase noise. The configuration of the novel phase-locking technique in the stabilization of the MLFL with the OMPD is shown in Fig. 5 . In the PLL with the OMPD, the high-frequency microwave reference signal is used to compare the optical pulses in the OMPD to generate a phase error signal. The error signal is low-pass filtered, amplified, PID-regulated, and fed back to the pump source of the MLFL to finally achieve the stabilization of the MLFL. The repetition frequency tuning scheme was described in the last subsection. In addition, a drift monitoring circuit was used to detect the slow drift of the input voltage of the pump source. When the pump power is close to its limit, the monitoring circuit can calculate an appropriate signal to adjust the PZT, compensating for the slow drift in the error signal and ensuring that the pump source is within the its tuning range. The out-of-loop measurement shown in Fig. 5 was used to evaluate the locking performance of the improved PLL with the OMPD and pump-tuning-based technique. The major advantage of this phase-locking technique with the OMPD is that the error signal is a very pure dc voltage signal. By feeding back this pure signal to control the repetition frequency of the MLFL via the pumptuning technique, the stabilization system can achieve ultra-low phase noise and phase drift. Fig. 6 shows a block diagram of the phase-locking technique with the OMPD. This improved PLL consists of four basic functional elements: the OMPD, a loop filter, a PID regulator and a VCO. A PLL is a control system that causes a frequency source to track with that of another [32] , [33] . To further understand the mechanism of the improved PLL, it is necessary to build a phase-locking model. We will first give the functional models of the four elements in the PLL and then demonstrate the theoretical model of the phase-locking technique with the OMPD. The functional models for the two elements, the OMPD and the VCO, which were previously discussed, were presented in Eq. (1) and (6) . Next, we will give the functional models of the other two elements: the loop filter and the PID regulator.
Loop filter. The phase-error signal generated from the OMPD consists of a number of terms. In these terms, one of the terms is a DC component that is roughly proportional to the phase difference Θ e (s). The remaining terms are ac components that have harmonic frequencies. These unwanted higher harmonics must be filtered out via a loop filter. Generally, a low-pass filter is used as the loop filter in the PLL. Assuming the transfer function of the loop filter is F (s), the filtered error signal is
where U d (s) is the low-pass filtered error signal, and U e (s) is the phase-error signal generated from the OMPD. Equation (7) presents the functional model of the loop filter. PID regulator. A standard PID regulator [34] consists of three elements: proportional, integral and derivative circuits, which are demonstrated in Fig. 1 . The transfer function of the PID regulator is expressed as [34] 
where K P is the proportional gain, T I is the integral time constant, and T D is the derivative time constant. U d (s) is the filtered error signal, and U f (s) is the control voltage of the current source. The three terms in Eq. (8) are the proportional, integral and derivative terms, respectively. Equation (8) presents the functional model of the PID regulator. After the functional models of the four elements are determined, a linear mathematical PLL model in the stabilization of the MLFL can be developed [33] . We define the open-loop transfer function G(s) as shown in Fig. 6 . Based on Eqs. (1), (6), (7) and (8)
, G(s) is given by
where
which is defined as the open-loop gain. Based on the control theory, we define the closed-loop phase-transfer function H(s):
H(s) relates the input reference source to the laser output. Generally, the dynamic analysis of a control system is performed by means of its closed-loop transfer function H(s).
In addition to H(s), an error-transfer function H e (s) is defined as
Eqs. (9), (10) and (11) present the mathematical model for the improved phase-locking technique with the OMPD. The characteristics of the PLL can be calculated and simulated from these equations. Here, based on the transfer functions, i.e., Eqs. (9)- (11), we calculated and simulated the transient response of the improved PLL. The simulated and actual parameters for this PLL are almost the same as that of the reference [19] . These parameters are as follows: k is ∼1 × 10 10 , T I is 5 × 10 −3 s, and T D is 5 × 10 −3 s. We locked the MLFL's 5-GHz harmonic signal to a microwave synthesizer via the improved PLL. The simulated and actual transients are both shown in Fig. 7 . More simulations and details of the calculation can also be found in reference [19] . Fig. 7 shows the phase difference between the MLFL's 5-GHz harmonic signal and the frequency step excitation signal. The dashed curves and solid curves are the simulation results and the experimental measurements, respectively. Comparing the simulation results and the experimental measurements, the agreement of the curves proves that our analysis of the improved PLL is correct and reasonable.
In this section, we describe the defect in the conventional repetition frequency cavity-tuning with the PZT. This defect will limit the application of the OMPD in ultra-low phase noise phase-locking. To overcome the limitation of the PZT, we introduced a pump-tuning-based scheme to improve the tuning precision of the repetition frequency. Based on the pump-tuningbased scheme, we proposed a novel phase-locking technique with the OMPD to achieve ultra-low phase noise. A theoretical model and simulation for the proposed PLL are also demonstrated. For evaluating the stabilizing performance of the novel phase-locking technique with the OMPD, we deployed a longterm stabilization experiment with this technique. The experiment and measurement results will be discussed in the next section.
IV. STABILIZATION EXPERIMENT
In the previous sections, we proposed an improved phaselocking technique with an OMPD and a pump-tuning-based technique for the stabilization of MLFLs. To investigate the performances of the phase-locking techniques with the EPD and OMPD, we conducted two long-term stabilization experiments with the two techniques. In our experiments, the MLFL used was the same as that used in the previous experiments, which generated a collimated optical beam with approximately 100 fs pulses at a center wavelength of 1550 nm and a repetition frequency of 144 MHz. The goal of the stabilization experiments was to stabilize the MLFL to a highly stable microwave reference source (Agilent, E8257D) using 1) the conventional phase-locking technique with the EPD and the PZT-tuningbased technique and 2) the improved phase-locking technique with the OMPD and the pump-tuning-based technique. For the conventional PLL with the EPD, due to limitations in the PZT's tuning resolution and the VCO's gain, we locked the MLFL's fundamental repetition frequency (144 MHz) signal to the microwave source. For the improved PLL with the OMPD, we locked the 35 th harmonic of the repetition frequency (∼5 GHz) to the microwave source. All stabilization experiments with the two phase-locking techniques lasted approximately 10 h. The out-of-loop measurements, briefly demonstrated in Fig. 1 and Fig. 5 , contained the phase noise and phase drift measurements. phase-locking techniques, the phase and frequency of the MLFL was strictly locked to the reference source. Curves (ii) and (iii) show the out-of-loop residual phase noise of the locked MLFL with the two phase-locking techniques. The residual phase noise at a 144 MHz carrier frequency for the conventional PLL with the EPD, illustrated by curve (ii), was −93 dBc/Hz and −123 dBc/Hz at 1 Hz and 100 kHz offset frequencies, respectively, which resulted in a 45 fs rms timing jitter integrated from 1 Hz to 100 KHz. Curve (iii) shows that the residual phase noise at a carrier frequency of 5 GHz for the PLL with the OMPD was −118 dBc/Hz and −143 dBc/Hz at 1 Hz and 1 MHz offset frequencies, respectively, which resulted in a 2.3 fs rms timing jitter integrated from 1 Hz to 100 kHz. In addition, we also demonstrate the background noise of the OMPD, illustrated by curve (iv), when only the pulse trains are applied to the OMPD without a microwave signal. The experimental phase noise results demonstrate that the improved phase-locking technique with the OMPD can provide the best locking performance in the short-term range.
A. Phase Noise

B. Frequency Stability
Figs. 9(a) and (b) show the phase drifts between the microwave reference source and the locked MLFL with the two phase-locking techniques. The phase drift data were sampled at 2 samples/s with a 100 Hz low-pass filter. The integrated rms phase drift for the conventional PLL with the EPD and the PZT-tuning-based technique and the improved PLL with the OMPD and pump-tuning-based technique were 1.17 ps and 12 fs, respectively. Based on the measured phase drifts, we also calculated the relative frequency stabilities. Fig. 9(c) shows the relative fractional frequency stabilities of the stabilization system with the two phase-locking techniques. For the conventional PLL, the frequency stabilities were 1.2 × 10 −12 for a 1-s averaging time and 3.6 × 10 −16 for a 4000-s averaging time (filled squares in Fig. 9(c) ). For the improved PLL, the frequency stabilities were 1.2 × 10 −15 for a 1-s averaging time and 2.9 × 10
−18
for a 4000-s averaging time (filled diamonds in Fig. 9(c) ). In addition, the stabilities of an H-maser clock (filled circle) [35] and an optical clock (star) [36] are also demonstrated in the same figure. Note that the relative stability for the PLL with the OMPD and the pump-tuning-based technique was even superior to that of the H-maser and optical clock signals, which implies that we can use the improved phase-locking technique with the OMPD to lock the MLFL to a highly stable H-maser or an optical clock signal without stability loss. Here, we found that the stability of a PLL with an EPD and a pump-tuning technique (shown in ref. [20] ) is also superior to that of the conventional PLL with an EPD and a PZT-tuning-based technique. However, neither of these PLLs can provide better stability than the improved PLL with the OMPD and pump-tuning technique. This implies that the conjugated use of an OMPD and a pump-tuning technique is the most effective scheme to achieve ultra-low phase noise; however, this improved PLL is more complicated than the PLL with the EPD and the pump-tuning-based technique [20] . Users can choose the most suitable phase-locking techniques for their systems according to the phase noise requirements of their practical applications.
V. CONCLUSION
The long-term stabilization of MLFLs using phase-locking techniques with ultra-low phase noise was studied in detail. First, we investigated the phase noise performances of two detectors, an EPD and an OMPD. The investigation demonstrated that the OMPD greatly reduced the electronic noise introduced by the photodiode and the EPD. Next, we improved the conventional PLL by replacing the EPD with the OMPD and conjugating with a pump-tuning-based technique to achieve the long-term stabilization of the MLFL with ultra-low phase noise and phase drift. Finally, we conducted long-term stabilization experiments with the conventional phase-locking technique with the EPD and the improved phase-locking technique with the OMPD to evaluate their stabilization performance. The experiment results show that the PLL with the OMPD can provide excellent long-term stabilization for the MLFL. The residual phase noise for the PLL with the OMPD reaches −118 dBc/Hz (−142 dBc/Hz) at a 1 Hz (100 KHz) offset frequency, which results in a 2.3 fs rms timing jitter, and the long-term (10 h) phase drift for this phase-locking technique is only 12 fs.
The development of a phase-locking technique for stabilizing MLFLs with ultra-low phase noise was the focus of this paper. From the phase noise analysis of the conventional phase-locking technique, we demonstrated that two components of the PLL, the phase detection and the repetition frequency tuning, are the major factors limiting the final phase noise performance of the locking loop. A novel phase-locking technique with a conjugated OMPD and pump-tuning-based technique was therefore proposed. This conjugated system can individually eliminate the two limiting factors to achieve ultra-low phase noise stabilization. Compared to conventional stabilization approaches, this novel stabilization scheme can eliminate the most unwanted electronic noise and achieve ultra-low phase noise beyond the reach of conventional techniques. In addition to the low phase noise, another remarkable feature of this phase-locking technique is its ultra-high stability, which is even superior to that of an optical clock. Therefore, the proposed phase-locking technique can be used to transfer the extremely high stability of Sr optical clock signals [36] to the microwaves synthesized from MLFLs without stability loss.
The proposed phase-locking technique can be widely used in various scientific fields, such as timing signal distribution, highly stable optical comb generation and optical-microwave synchronization. The mathematical model we presented in this paper provides a tool to analyze the phase-locking system of the MLFL, and the analysis of the phase-locking technique is also helpful for engineering a long-term phase-locking system with ultra-low phase noise for the stabilization of MLFLs.
